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Abstract: The steel tube concrete columns with steel reinforcement cages, steel plates and steel tubes has 
been used in super high-rise buildings, which are called concrete-filled steel tubular (CFST) columns with 
internal stiffeners. Based on the theory of limit equilibrium, the unified equation for the axial bearing 
capacity of the CFST columns with internal stiffeners is obtained. The derived equation in this study can 
provide reference for the future engineering applications. 

Introduction 
As the height of the structure increases, the vertical load 
of the structure will inevitably increase. The ordinary 
concrete-filled steel tubular (CFST) columns cannot be 
pragmatic approach since they lack sufficient bearing 
capacity. CFST columns with novel cross section have 
been used in super high-rise building. Comparing with 
ordinary CFST columns, these types of columns have the 
following advantages: First, for the super-large section, 
the internal stiffeners can divide the section into multiple 
hollow section, which can effectively reduce the section 
size of the concrete column and prevent the unfavorable 
appearance of the large concrete cross section. 
Furthermore, these hollow sections form a composite 
peripheral constraint on concrete, which can improve the 
peripheral constraint and global ductility of concrete. 
Secondly, the section is polygonal which make it easier to 
fit the outer edge of the building and it is convenient for 
connecting the extended-arm truss and belt truss. Thirdly, 
the steel reinforcement cage of CFST columns is equal to 
additional concrete core columns which can improve the 
integrity of internal concrete and bearing capacity and the 
ductility of the columns. 

An increasing number of studies have focused on the 
axial bearing capacity of CFST columns with internal 
stiffeners. The carried out experimental and theoretical 
research on the CFST columns with internal stiffeners 
[1-6] are provided theoretical basis and experimental data 
for this study. However, lack of unified equation for the 
axial bearing capacity of CFST columns with internal 
stiffeners endangers, the practical application of CFST 
columns in real word application. Therefore, a unified 
equation for investigating the axial bearing capacity of 
CFST columns with internal stiffeners that benefits from 
the limit equilibrium theory to derive the bearing capacity 
of the axial compression is proposed.  

1. Derivation of the equation for the axial 
compression 
In this study, the limit equilibrium theory [7] is used to 
derive the axial bearing capacity of CFST columns with 
internal stiffeners. The theory of limit equilibrium has 
been described in [8] and for the sake of brevity will not 
be repeated. 

1.1 Fundamental hypothesis 
The basic hypotheses have been described in [8], and 
content of hypothesis 2 in [8] are added in the following 
research. 

The yield condition of steel tube and core concrete are 
constant and do not change with the development of 
plastic deformation. The core concrete bases on the linear 
yield condition can be expressed as 

c c
c

(1 )p= f k
f

σ +
, 

(1) 

the yield condition of plastic materials are described by 
Tresca yield condition and Mises yield condition [9]. 

According to the mentioned conditions, maximum 
shear stress condition and distortion energy condition can 
be expressed as 
(1) Tresca yield condition (three direction): 

a
1 3

2σ σ− ≤ , (2a)

a
1 2

2σ σ− ≤ , (2b)

a
2 3

2σ σ− ≤ , (2c)

where, σ1、σ2、σ3 are representing principal stresses; a is 
a number which relates to the material and the test mode, 
in which if using the simple tensile test to determine the 
yield strength of the material, the equation is a=fs/2, and 
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if using the simple shear test to determine the yield 
strength of the material, the equation is a= f /

s
3 2 . 

Tresca yield condition of the steel tube which is 
considering tension in the hoop direction and compression 
in the axial direction can be simplified to 

a
1 2

2σ σ+ ≤ .
 

(2d)
(2) Mises yield condition can be expressed as 

( ) ( ) ( )2 2 2 2
1 2 1 3 2 3 s=fσ σ σ σ σ σ− + − + − . (3a)

Mises yield condition of the steel tube which is 
considering tension in the hoop direction and 
compression in the axial direction can be simplified to 

f2 2 2

1 1 2 2 s
σ σ σ σ+ + = , (3b) 

where, σ1 is longitudinal pressure of the steel tube; σ2 is 
circumferential pressure of the steel tube. 

Having an explicit physical concept is the main 
advantage of Tresca yield condition. When having the 
order of the principal stresses, yield function is linear and 
have a simple form which is easy to calculate. However, 
the main disadvantage of this method is the fact that it 
ignores the contribution of intermediate principal stress in 
yielding process. When the order of the principal stress is 
unknown, having suitable the yield function would be 
difficult task. The Mises yield function is nonlinear and 
consider the contribution of intermediate principal stress 
in yielding process. The results concede with Mises yield 
condition and the difference between two of them is 
negligible. 

1.2. Derivation of axial bearing capacity of 
hollow circular CFST columns with circular 
inner steel tube  

The axial bearing capacity of circular hollow CFST 
columns with a single steel tube is studied. The cross 
section is shown in Fig. 1. The inner steel tube has a 
radially outward support effect on the sandwich concrete 
and has the same function as the concrete area of ordinary 
CFST columns, and both provide support for the 
sandwich concrete. The transverse deformation of the 
sandwiched concrete and the constraint of the outer steel 
tube is the main reason of having better bearing capacity 
of circular hollow CFST columns with circular inner steel 
tube comparing to the bearing capacity of circular hollow 
CFST columns. Most importantly, the axial load of CFST 
columns with circular inner steel tube is shared by the 
outer steel tube which is producing the confining effect 
and the sandwich concrete which is under confining effect 
of the inner steel tube. 

 

Fig. 1 Circular hollow CFST columns with inner 
monolayer circular steel tube 

According to the force analysis, the static equilibrium 
equation can be derived as 

c c s1 s11 s2 s2= A A + Af f' σ+N ,     (4a) 
by substituting the yield condition of concrete Eq. 1 into 
the Eq. 4a the equation can be expressed as 

c c s1 s11 s2 s2
c

= A A + Af f
f

1 σ
 

+ + 
 

p
N k

 

,  (4b) 
where, Ac is the area of the concrete; fc is the 
compressive strength of the concrete; p is the interaction 
between the outer steel tube and the concrete; As1 is the 
area of steel tube;σs11 is the longitudinal pressure of the 
outer steel tube； As2 is the area of the steel tube; fs2 is the 
circumferential pressure of the inner steel tube; k is the 
correlation coefficient of the core concrete which is 4. 

According to [8], the relationship between the lateral 
restraint of the steel tube and the hoop stress of the steel 
tube can be expressed as 

( )
s12 s1 s12

s1 s2 c h

A
2 A A A A

p
d
1

1

2 σ σ
= =

+ + +
t     (5) 

where, Ah is the hollow area; d1 is the diameter of the 
outer steel tube; and t1 is the thickness of the outer steel 
tube. 

First, by using the Mises yield condition, axial 
bearing capacity will be calculated. However, obtaining 
the analytical solution is impossible during the whole 
procedure. To derive the axial bearing capacity, the 
Tresca yield condition of the steel tube (Eq. 2d) was used. 
While the component is in limit state, the yield condition 
of the outer steel tube can be expressed as  

f
s12 s11 s

σ σ+ = .            (6) 
By substituting the Eq. 5-6 into Eq. 4 the equation can be 
expressed as 

( )
c

c c s2 s2 s12
s1 s2 c h

2A= A + A
A A A A

f f σ+
+ + +

N
,  (7) 

the maximum value for the axial bearing capacity can be 
obtained when σs12=fs1, where, Ah is the hollow area. 
1) if Ac-As1-As2-Ah>0, with increasing value of σs12, the 

value of N increases and the maximum value of N can 
be obtained when σs12=fs1 and it can be expressed as  

( )
c

c c s2 s2 s1
s1 s2 c h

2A
= A + A

A A A A
f f f+

+ + +
N

.  (8) 

2) if Ac-As1-As2-Ah<0, with increasing value of σs12, the 
value of N decreases and the maximum value of N can be 
obtained when σs12=0, and it can be calculated by： 

c c s1 s1 s2 s2= A A + Af f f+N .     (9) 
According to the real situation, the axial bearing 

capacity of CFST columns with inner monolayer circular 
steel tube should be not less than the sum of the 
maximum bearing capacity of the components. 

Above all, when ψ≥0.5 

c c= A +f
1 2

1 θ θ + N ,       (10a) 

when ψ<0.5 

As1 

Ac 

As2 
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( )c c= A +f
1 2

1 2 1 θψ θ + − N ,    (10b) 

where, θ1 is the confining parameter of the outer concrete 
to outer steel tube; θ2 is the capacity ratio of the inner 
steel tube and concrete without considering confinement 
effect; 1-ψ is the ratio of the concrete area and total area, 
where, s1 s1

c c

A
A

f
f1

θ = , s2 s2

c c

A
A

f
f2

θ = , 

( )
h s1 s2

c h s1 s2

A A A
A A A A

ψ + +
=

+ + +
. 

From the equation, it can be seen that: firstly, the 
axial bearing capacity of circular hollow CFST columns 
with inner steel tube and confining parameter have linear 
relationship. Secondly, the confining ability of steel tube 
to concrete is due to hollow ratio. The total confining 
reduction factor of hollow CFST columns with inner 
steel tube is regarded as 1-ψ. 

2. Derivation of the unified equation  
According to the derivation for the axial bearing capacity 
of the different composite CFST columns in the section 1, 
the equivalent confining parameter of CFST columns is 
equal to the linear superposition of the confining 
parameter of each layer of steel tube. However, there 
exists a disadvantage: the equation for the axial bearing 
capacity of CFST columns with different cross-sections 
are different, which will result in a non-uniform bearing 
capacity equation for the composite CFST columns with 
the same properties. Therefore, the linear superposition 
of the equivalent confining parameter, combing the 
unified theory [10], can be used to write the unified 
equations for the axial bearing capacity with different 
cross-sections. The equation is an extension and 
supplement to the unified theory of CFST columns as 
well. The unified equation for the axial bearing capacity 
of the composite CFST columns can be expressed as 

( )2
c sc= 1 212 θ θ+ +N f . B C A

, (11)

B=
0.176fy

235
+0.974,C = fc

20.1
− 0.0309[10], (12)

where, cf  is the axial compressive strength of concrete 
with no lateral pressure; scA  is the total area of the 

CFST section, which 
1

n

sc c si
i

A A A
=

= + . 

N  is the axial bearing capacity of CFST columns 
with multilayer non-concentric steel tube; cA  is the total 
area of the concrete; siA  is the area of the ith steel tube; 

sif  is the yield strength of the ith steel tube; θ  is the 
equivalent confining parameter. 

The following two points are explained for Eq. 11: 
The confining parameter θ  of hollow circular CFST 
columns with circular inner steel tube can be expressed 
as (only the hollow circular CFST columns with inner 
monolayer circular steel tube has been discussed) 
if 0 5/ .cA A ≥  

n
c si si

i c c

A A f
A A f

θ =  ; (13)

if Ac/A=1, the member is solid CFST column. 
The axial bearing capacity of the member can be 

obtained according to the Eq. 11. 
if / 0.5cA A＜ ， 

1 1 2 2c c s s s sN f A f A f A= + + . (14)

3. Conclusion 
The equivalent confining parameter of hollow compound 
CFST columns is the linear superposition of each steel 
tube layers’ confining parameter. The confining 
parameter of each steel tube layer is about area 
occupancy. When the concrete area is 0.5 times than the 
bounding area of the steel tube, the confining parameter 
of the steel tube should be considered. Otherwise, the 
confining parameter of the steel tube should not be 
considered, i.e., the steel tube only generates axial stress. 
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