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Abstract. The paper proposes a methodology for calculating lateral
buckling of beams of variable rectangular cross section based on the energy
approach. The technique is considered on the example of a cantilever beam
of variable width with two sections under the action of a concentrated force.
The twist angle function was set in the form of a trigonometric series. As a
result, the problem is reduced to a generalized secular equation.

1 Introduction

When designing beams with a narrow rectangular cross-section, it is necessary to check
them for stability of a flat bending shape. In construction, beam structures with a constant
geometry are widely used, and to reduce the consumption of material it is advisable to use
beams of variable stiffness. The calculation of beams of variable cross section compared with
the calculation of structures of constant stiffness is associated with more mathematical
difficulties. In [1,2], solutions are given for beams whose geometric characteristics are
continuous functions of coordinates. If the functions of changing the rigidity of the structure
have discontinuities, it becomes necessary to satisfy the boundary conditions at each joint of
the sections. In this case, it is convenient not to directly solve the differential equilibrium
equations, but to use variational methods [3].

2 Methods

We will consider the calculation method on the example of a beam with two sections (Figure
1). The following notation is introduced:

b, B (1)

bk
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Fig. 1. The beam under consideration

The ratio of the stiffnesses of the sections to bend in the plane of least stiffness is
calculated by the formula:

El,, bh/12 3

= =y (2)
ELy  bh/12
The ratio of torsional stiffnesses of the sections is calculated as:
b 1-0.632
Gl, 3 070639 1 o635 o)
Gl 1-0.630

T,
5 (1-063°h)

To solve, we use the energy method in the formulation presented in [4].The critical load
is determined from the condition of minimum total energy U representing the difference
between the potential strain energy W and the work of external forces A4:

U=W-A4. 4)
The potential strain energy is the sum of the potential energy of bending and torsion and,

in the case of variable stiffness, is determined by the formula:

! a1l a6y
WZE!;EIZ()C)(EJ dx+E£G]t(X)[EJ dx, ®)

where v is the deflection and 8 is the twist angle.

The work of external forces A4 is defined as [5]:



E3S Web of Conferences 164, 02016 (2020) https://doi.org/10.1051/e3sconf/202016402016

TPACEE-2019

/ 2
A=—[M 0 ay, (6)
y 2
0 dx

where M, is the bending moment for the beam under consideration, determined by the
formula:

M, (x)=—Pl+Px=PI(E-1). (7
In formula (7), & = x/[ represents the dimensionless coordinate.

At the moment of lateral buckling, the relationship between the second derivative of the
deflection, the bending moment, and the twist angle has the form [6]:

d_zv = M,0 (8)
dxz EIZ .
Substituting (8) in (6), and then (6) and (5) in (4), we obtain:
M202
30
:—jGI (x)(dej dx—lj dx. )
dx EI (x)

For the beam shown in Figure 1, expression 9 takes the form:

0.5/ 2 ] 2
U:l(c;zr,1 [ (ﬁj dx+Gly | (ﬁ] dx -
2 0 dx 0.51 dx
’ (10)
1

0.51 [
- [ PP(-x)*0%dx- [ PP(1-x)*6%dx).
EIzl 0 z2 (.57

We introduce the dimensionless quantity A by the formula:

P4

= 11
Gl El, (1n

. o . Ul .
Minimizing the functional U is equivalent to minimizing the functional A = e which
11

is written as:
0.5 2 1 2 0.5 1
1 deo do 1
A=la | [d—) dé+ | (d—j dg—z{—3 [E-1»*0%ae+ | (§—1)292d§n. (12)
o \d¢ 05\.98 Vo0 0.5
The function of the twist angle will be sought in the form:

2i-1
0= alsm%§+azsm¥+a3sm7+ Za s1n”(l )5

(13)

Substituting (13) into (12) and minimizing the functional A with unknown coefficients
ai, we obtain a system of linear algebraic equations:

([4]-ABD{X} =0, (14)



E3S Web of Conferences 164, 02016 (2020) https://doi.org/10.1051/e3sconf/202016402016
TPACEE-2019

where {X}={q; a, .. a, }T — vector of series coefficients.

The coefficients Al-j and Bl-j of the matrices [4] and [B] are determined by the formulas:

2 05 . .
4 = %(a [ @i-n@j-1cos ”(2’2_ DE cos ”(212_ De ge s
0

1 . .
+ I (2i-1)(2j-1)cos #Q2i-De cos #2j=Ds dé).
05 2 2

(15)

1

B =—
7 3
v

0.5 . .
[ sin ”(2’2_ D¢ gin ”(2’2_ DS s _12acs
0

1 . .
+ [ sin #QRIZDe G 7RIZDS 224
2 2
0.5
Integration in formulas (15) can be performed numerically or using symbolic
computation packages. The critical load is determined from the condition that the determinant
of the system (14) is equal to zero:

[ 41— ALB]| =0. (16)

The critical load is determined from (11) by the formula:

G]tlElzl
p, = gNTA7EL (17)

cr
12

where K =, U‘min , Amin — Minimum eigenvalue.

3 Results and Discussion

The test problem was solved for y =1.1,6 =0.1. Figure 2 shows a graph of the coefficient

K for a different number of members of the series. Good convergence is observed. The results
of the fourth and fifth approximations practically coincide. With one member of the series,
the solution differs from the exact one by 4.6%.

The value of the coefficient K with n =4 is 5.0386. With such initial data, the considered
problem was solved earlier in [7], and there the value 5.03 was obtained for the coefficient
K. The solution proposed in [7] is based on the direct integration of differential equations in
each section while satisfying the conditions at the boundaries. With a large number of
sections, the solution by this method is significantly complicated. Our proposed method is
devoid of this drawback and allows you to get a solution for any number of sections.
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Fig. 2. The dependence of the coefficient K on the number of members of the series

Conclusions

The resolving equation of the energy method for calculating lateral buckling of beams with
a variable width of the rectangular cross section is obtained. The problem is reduced to a
generalized secular equation. Good method convergence is demonstrated. The reliability of
the results is confirmed by comparison with the solution of other authors. The proposed
technique allows you to calculate the structures of variable stiffness for an arbitrary number
of sections. In the considered problem, the vertical displacement of the load relative to the
center of gravity is not taken into account. These issues for the beams with constant cross
section are studied in more detail in the paper [8].We also did not investigated the problem
of the presence of initial imperfections and taking into account physical nonlinearity, which
are considered in [9-11].
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