E3S Web of Conferences 211, 02022 (2020) https://doi.org/10.1051/e3sconf/202021102022
The 1%! JESSD Symposium 2020

The solution of the problem of free circulation of
circular arcs by numerical analytical boundary
elements method

Mykola Surianinov!’, Yurii Krutiil, Anatolii Kovrov! and Vladimir Osadchiy?

!Odessa State Academy of Civil Engineering and Architecture, Didrikson str., 4, Odessa, 65029,
Ukraine

Abstract. The work is devoted to determining the natural frequencies and
vibration modes of a circular arch using the numerical-analytical boundary
elements method. A differential equation of the natural vibrations of the arch
is obtained, a complete system of its fundamental solutions is determined, a
transcendental frequency equation is constructed, the arch is calculated
based on the obtained analytical dependencies, and the results are compared
with the results of finite element analysis. For 10 possible combinations of
the roots of the equation of the characteristic equation, 360 fundamental
functions are calculated. An example of calculating a circular arch for free
vibrations by the method of the authors is considered. The search for the
roots of the transcendental frequency equation can be carried out by the
method of successive approximations, using any programming environment.
Here used MATLAB. As a result of the calculation, the first five frequencies
of the natural vibrations of the arch were obtained. Their comparison with
those calculated in the ANSY'S program shows that the spectrum of natural
frequencies calculated by the boundary element method is slightly lower
(except for the first frequency) than the spectrum calculated by the finite
element method, which indicates greater reliability of the results of the
boundary element method.

1 Introduction

Arch structures are used in various fields, such as shipbuilding, aviation, and mechanical
engineering. It is possible to name the blades of turbomachines, tires, various aircraft
structures, circumferential stiffeners for shell structures. The appearance of new materials
has stimulated the use of arch structures in new fields, such as medicine, bioengineering,
vibration diagnostics, or the production of nanocomposites. However, arches have been
especially widely used in construction, since their use makes it possible to cover long spans.

The first began to erect arches of large size Romans (world-renowned aqueduct Pon-du-
Gar). Well-known old wooden and stone arch bridges in Russia, France, China and many
other countries. Modern construction tends to increase the use of steel arches — Abu Dhabi
Airport Terminal, Mike O'Callaghan-Pete Tillman Memorial Bridge in America, Charlie's
Rail Tunnel in the UK, a new bridge over Ob in Russia and many other unique structures [1].
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In the technical literature, the issues of statics and stability of arches are quite fully covered,
but there are not enough studies about the vibrations of arches. In Russian-language literature,
one of the first and most famous is the work of E.S. Sorokin [2], who determined the vibration
frequencies of different types of arches by the Ritz method, and then tested the obtained
values experimentally. A.B. Morgaevsky [3] obtained the frequency equations of symmetric
and inversely symmetric vibrations, for the case when the arch is loaded with radial load. In
the following years, there were no significant works on this subject published in Russian or
Ukrainian. Foreign literature on the dynamics of rings, arches, arch systems, by contrast, is
quite large. The systematization of this literature based on the analysis of more than 400
papers was performed by P. Chidamparam and A.W. Leissa [4]. Most publications in recent
decades are related to the use of numerical methods, mainly the finite element method, with
the development of a new finite element, or through the use of numerous engineering
calculation programs [5-10]. Without diminishing the usefulness of such calculations, it
should be noted that they still need verification. Here, too, in our opinion, the application of
the numerical-analytical boundary elements method (NA BEM), the main provisions of
which are set out in [11-14], is quite effective.

2 Method

The purpose of this work is to determine the natural frequencies and vibrations of a circular
arch by the numerical-analytical boundary elements method. To achieve this goal, it is
necessary to obtain the differential equation of the eigen vibrations of the arch, determine the
complete system of its fundamental solutions, perform the calculations of the arch based on
the obtained analytical dependencies and compare the results with the results of finite element
analysis.

3 Results and discussion

The algorithm of application of NA BEM can be divided into two components: "analytical"
and "numerical”. The first of these is to obtain the analytical expressions of fundamental
orthonormal functions, the Green function and the vector of external loads (which in this case
will be zero) for all possible roots of the characteristic equation corresponding to the
differential equation of the problem [11-14]. After certain transformations of the fundamental
equation of the NA BEM [11], we obtain a system of algebraic equations that is solved
numerically, and then we can determine the searched values, in this case, the natural
frequencies and forms of vibrations.

Consider the free oscillations of a circular arch of constant cross-section drawn along the
arc of a circle of radius (Fig. 1).
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Fig. 1. Circular arch of constant cross-section.
Equilibrium equations have the form [15]
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where o — the circumferential displacement component, u — radial, v — the angular
coordinate of the section.
We differentiate (1) by « and sum with (2):
mRﬁ(u Jrﬂ)+—82Q +Q=0. ®)
ot o’ da?
Taking into account that
1 oM El ou 0%
== M=—EIN=—=— (L& _Y Y
Q R oa’ R? ‘0« 8a2)'

we bring (3) to the form
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From the condition of non-stretching the axis of the arch follows

yo_ou_ ov__ du
oa ~Oa oa’?

then (4) will be written in a form:
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We will look for a solution (5) in the form
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Let's present the state vector for the arch in the form

Elv(a)
Elgp(a)
M (@)
Q(a)
EAU(x)
N(a)

™)

The first four components of the vector (7) determine the bend of the arch, and the last
two components — stretching-compression.
We rewrite (6) by grouping the coefficients for the second derivative of the function:

El El
The corresponding characteristic equation:

4. 2 4. 2
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t3+2t2+zt+(1—z)=0, 9)

where
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The solution of equation (8) will depend on the roots of characteristic equation (9).
Consider all the possible cases here. From the mathematical point of view, ten cases are
possible when solving equation (9); we group them into two groups:

L. One root of the equation (9) —t, <0, and for other two there are possible options:

(1) two complex conjugate roots: t,; =a *if;
(2) two positive different: t, >0;t;>0;
(3) two negative different: t, <0;t, <0;
(4) one positive, the other — negative: t, >0;t,<0;
(5) two positive equal: t,=t,>0;
(6) two negative equal: t, =t; <0.
II.  One root of the equation (9) — t, >0 ; and for other two there are possible options:
(7) two complex conjugate roots: t,;=a i3
(8) two positive different: t, >0;t,;>0;
(9) two positive equal: t,=t,>0;
(10) two negative equal: t, =t, <0.

Each root of the characteristic equation gives rise to one private solution of the linear
differential equation, and for the construction of the fundamental system of solutions it is
necessary to consider in particular the cases of complex roots and cases of multiple roots of
the characteristic equation, at that:

e each simple (one-time) real root K in the general solution is matched by the addition of

the form Ce** =C(shka +chka);
e each pair of the simple complex conjugate roots k =y +0i,k, =y —0i in general
solution is matched by the addition of the form eV“(C10055a+Czsin5a) ;

e each r -multiple real root k in general solution is matched by the addition of the form
eke (C1 +C,a +...+Cra"1) :

Write the fundamental system of solutions for option (2) of the roots of the characteristic
equation:

t<0; t,>0; t,>0;
k112=ii\/§; k3_4=i\/t>; k5_6=i\/t§.
General form of the solution:
u(a)=C,cos fLa +C,sin t,a +Ci0, +C, @, +C; @, +C,D,,
where

D, = sh\/t;a; D, = ch\/t;a; O, = sh\/tza; @, =ch\/ga.
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The components of the state vector (7) have the form:
u(a)=C,cos Jta+C,sin fta+Cgshfi,a +C, cosft,a +Cech, o +Cych, iy,
V(a)=u'=- Cft;sint,a+C,.ft cos fa+C; ft,ch o +
+C,Jt,sh\f,a +C fisch o +Cy \ fish, o
Vi(a)=u"=- Ctycos,t,a- Ctsin fa+Cgysh\fi,a+ Citchfta+
+Ctysh e+ Cetch e,
V'(@)=u"= Ct,fysin fia- Cit.\f cos i+ Cy, fi,ch o+
+C,ty i shfa+ Coty fiyeh e+ Cots fiysh e
V"(a)=u" = Cicos fia+C,t’sin ft,a+Citish f,a +C tich i+
+CytZsh iy + Cetich o,
vVi(a)=u" == Ct2 fisin Lo+ Ct? [ cos Lo+ Ct2 [ sin o +
+C,t2 i sh o+ Cit fich o+ Cyt fish Lo

As an expression for N in (7) we use the equilibrium equation:

d
N =—£—qy(a)R.

As a rule, qy(ax)=0 at =0 (the exception is when in cross section ar=0 the
concentrated force is applied, which is quite rare in practice), so we will start from the ratio:

N=-9Q__gw.
da
Constant C, +C, we will define from the matrix relation:

&G, =P,, i=12,..,6.
Kinematic and static factors of state vector (7) are defined in the form:

v=Uu’;
N=—EIvV:
=V,

M =EIv”;
Q=EIv".
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Substituting «z =0 into (10) - (15), we get:

0 \/t: \/g 0 \/g 0 o} Elv,
L 0 o (L] o |L]|c Elg,
o | -ttt | by, o] Gl |0 G M,
] o o | €| o [€][c| [q |
1 0 0 1 0 1] | Elu,
o |~ [ [0 |8 [0 [« [ %

It follows from (16) that the system of six algebraic equations for determining constants
splits C, +C; into two independent systems of three equations in each:

\/t_lCZ + \/gc?, + \/t;C5 :VO;
485G, +6, LG+ BC =M an
B C, 3 B0~ BCs =Ny,

—4C,+4,C, +1.Cs =,
tPC,+19C, +15C =Qy;

C,+C,+Cy=Uy. o
As a result of solution (17) and (18) we find:
.= (t1+t;[2);3tl+t3)u° _(tlﬁz)_(:i%)% " (t1+t2)1(tl +t3)Q°;
e e ™
o ol e
€= (t3 —tztl)t(st1+t2)u° " (t3 —(Eittllltz)% - (t3 —tz)l(t1 +t2)Q0;
=R —tlttsz)(tﬁts)%_JG(tz(tit_st)z(zﬁts)M°+¢‘E(H+ti)(tz—ts)N°;
C6:(tﬁtj{f[z—tz)uo-‘_(tlJr(Ei:)—tz)%+(t1+t3)1(t3 tz)QO'
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After calculating the constants C, +C; we can calculate all the fundamental functions of

the problem for the considered variant of the roots of the characteristic equation (9). For
example, for displacement V() we have:

V(“) =U"= ANy + Aoy + AsMo + A Qy + Al + AN,

(L+t)(4+t) (t1+t2)(t2—t3)+(t2—t3)(t1+t3)’
:(ts—tz)\/qsin\/tja+(tg—ti)thsh\/tja+(t1—t2)\/gcth§a_
2 (L) (t +t) L-t)L+t) (bt (-t
A =_(t3+t2)cosﬁ1a+(tl—ts)cth;a_(tl—tZ)ctha_
To(rh)(trt)  (rt)(b-t) (b t)(h )
A, —— Jusingfte  \fishita N Jiehyfa
L)L) (b)) (L)t -t)
A :_t2t3\/ﬁsin\/t’105r ttfhshya  tt fish i ;
° (t1+t2)(t1+t3) (ts_tz)(t1+t2) (t1+t3)(t3_t2)
A, —— cosgta chfta . ch,f;a _
P (brt)(rt) (L)t t) (b))

AL tt,cos L a tt.ch o ttchfto

Similarly, the other 30 fundamental functions for this variant of the roots of the
characteristic equation (9) are determined. For all the above 10 variants of the roots of
equation (9), 360 fundamental functions are calculated.

Now, following the usual algorithm of boundary element solution [11], we can determine
all the parameters of the state vector (7).

Consider an example of calculating a circular arch for free vibrations by the method of
boundary elements. With respect to the calculation scheme (Fig. 2), the solution of the NA
BEM equation for the boundary value problem for the eigen vibrations of the arch by the
boundary element method takes the form:

As | As Ag EI\'\I/E?O; 0 Elv(a)=0
Elp(0)=0;
A | A Ass (g((;) Elp(a)=0
-1 Ay | Ay Ass M(0) a M (@) =0. (19
1| A | Ay A Q(0) Q(a)
Az | Au Ase EILIJ\I(?O)Z): 0 Elu(a)=0
As | A | 1] A NO) N(a)




E3S Web of Conferences 211, 02022 (2020) https://doi.org/10.1051/e3sconf/202021102022
The 18! JESSD Symposium 2020

h=02m

NS

NS

Fig. 2. Example of arch calculation.

Since at the eigen vibrations the boundary parameters vector X*(O, a);tO, equation
(19) have non-zero solutions at condition

‘Ak(a), a)‘ =0. (20)

Equation (20) will be the transcendental frequency equation of the BEM for the arch (Fig.
2). The roots of this equation are the frequencies of the natural vibrations of the arch. Root
searches can be done using sequential approximation using any programming environment.
As a result of the calculation, the frequencies of the natural vibrations of the arch were
obtained. The number of frequencies that can be calculated can be any.

i i i i i
95 100 105 110 115

Fig. 3. Determination of the second frequency of vibration.

Frequency spectrum is determined by plotting the frequency determinant of frequency;
the points of intersection of this graph with the horizontal axis are natural frequencies. Each
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frequency can be calculated with almost any accuracy. As an example, Fig. 3 shows the
process of calculating the second frequency (the program is implemented in MATLAB). Now
for each frequency it is possible to determine the parameters of the state vector of the arch
by the expressions above. A comparison of the first five natural frequencies determined by
the NA BEM algorithm with those calculated in ANSYS is given in Table 1.

Table 1. NA BEM and FEM results comparison.

Frequency BEM, s*! FEM, s Discrepacy, %
number
1 65,625 65,069 0,85
2 106,080 106,618 0,51
3 206,819 208,119 0,62
4 271,575 274,559 1,09
5 341,290 345,714 1,28

4 Conclusion

The analysis of the Table 1 shows that the spectrum of natural frequencies calculated by the
boundary element method is slightly lower (except for the first frequency) than the spectrum
calculated by the finite element method, which indicates a greater likelihood of the NA BEM
results.

When calculating a particular arch system, the parameter z in (9) can be calculated with
the precision with which the frequency of natural vibrations is calculated. Therefore, it is
necessary to set the frequency change interval, for example, (0, 2000) s-1, after which, in the
course of implementing the calculation program in any programming language, an automatic
transition to the calculation of fundamental functions corresponding to the roots of
characteristic equation (9) is made.

The program that realizes the calculation of the arch system by the boundary element
method in accordance with the described methodology, is quite voluminous, but it is
connected with a large number of arithmetic operators and logical branches. In fact, the cost
of computing resources is minimal, because we have to solve a system of only twelve
algebraic equations, which is significantly less than using the finite element method.
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