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Abstract. The article deals with the flow in a complex area. The 
composition of this region consists of a porous medium through the pores 
of which the liquid moves and a zone without a porous framework (free 
zone). The flow is modeled using an interpenetrating heterogeneous model. 
In the one-dimensional case, an analytical solution is obtained. This 
solution is compared with the solution learned by the move node method. 
An analysis is made with experimental data with a Brinkman layer. A 
numerical solution of a two-dimensional problem is also obtained. 

1 Introduction  
The flow of a liquid or gas in various media (porous and non-porous) occurs in a variety of 
applications. Such flows include, for example, the flow of gas and oil in and over a porous medium, 
underground hydrology, blood flow with stenosis, processes associated with movement through a 
rough surface, etc. e. Modeling the flow of such problems can be divided into two directions. 

The first direction is associated with Darcy's law for a porous layer and the Navier-Stokes 
equation in the pure region. In [1-6], the flow in the combined region was investigated using the 
Darcy and Stokes/Navier-Stokes model. In the Darcy model, it is believed that the flow inertia is 
small, and in the case of highly porous media and in large Reynolds numbers, the results of this model 
give large errors. At the interface between the porous medium and the isotropic region, the boundary 
conditions are set [7-10]. In the second approach, which is called one regional, the flow is described 
by a single equation (equations of the Darcy-Brinkman type) [11-16]. 

In [17], the flow in the combined region is investigated by a numerical method and with the help 
of Darcy Brinkman, and a voluminous review of this topic is given. 

An experimental study is devoted to [18-19], in which the thickness of the interboundary layer is 
analyzed. 

Here it is proposed to describe the flow inside and outside the porous medium with a single 
equation using the model of two-phase media 

2 Methods 
Let us consider an interpenetrating model describing the flows of two-phase media [18-19], where the 
velocity of the discrete phase is neglected. Then the flow of the liquid phase is described by a system 
of equations (two-dimensional case): 

                                                            
*Corresponding author: udalabaev@mail.ru 

© The Authors, published by EDP Sciences. This is an open access article distributed under the terms of the Creative Commons 
Attribution License 4.0 (http://creativecommons.org/licenses/by/4.0/).

E3S Web of Conferences 264, 01016 (2021) https://doi.org/10.1051/e3sconf/202126401016
CONMECHYDRO - 2021







 


























 






















 














2

1
,

3

3

2

1

2

1

3
51

1
3
1

k
jj

k

j

k

k
j

k k

j

k

k
j

jk k

j
k

j

gKu
x
u

f
x

x
u

f
xx

pf
x
u

u
t

u




  (1) 

.0
2

1






k k

k

x
fu

   (2) 

Here, u j  is the j-th component of the flow velocity, p  is fluid pressure, f  is volume 

concentration, k
j  is the Kronecker symbol,   is fluid viscosity, K  is interaction 

coefficient,  is fluid density, g j  is force terms accounting for gravity. 

Suppose the equations are transformed into the integral form of representation, then on their basis. In 
that case, it is possible to study flows both inside and outside porous media, since when 1f   we 
obtain the Navier - Stokes equations for an incompressible fluid. Moreover, these equations 
are suitable for the entire area under consideration. 

3 Results and Discussion  
Let us consider some one-dimensional problems of applying the model (1), (2). 

3.1. Exact solution 

Let a liquid flow in a flat pipe partially filled with a porous medium. The lower part of the horizontal 
pipe is filled with a porous medium with height h (pipe height H). Assuming the flow to be one-
dimensional and stationary, we obtain from (1), (2) 
 

du du dp
f Ku f

dy dy dx
  

 
 
 

   (3) 

In (3), for the parameter K, we use the Carman- Kozeny relation as adopted in porous media: 
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, permeability, d is the characteristic size of the porous 

medium. 

Let us pass to dimensionless variables by setting , ,u uU y yH  ,x xH .
2rU

p p
Re

  

Then equation (3) in dimensionless form at ,f const  has the form: 
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2

2
d u dp

Au
dy dx

    (5) 

Here,  2 2 2180 / (1 ) /A H d f f  . 
In the free zone, the one-dimensional flow satisfies the equation 
 

2

2
d u dp

dy dx
    (6) 

 
Further, in equations (5-6), drop the dash above the variables. 
Equation (5) is considered when 00 ,y h  and equation (6) in 0 1h y  . Equations 

are solved under the following boundary conditions. The no-slip conditions for equation (5) 
in the lower wall and for equation (6) in the upper wall: 

 
(0) 0, (1) 0.u u     (7) 

 
In the interfacial condition, we set the conditions for flow continuity and equality of the 

shear stress: 
 

0 0
0 0

( 0) ( 0)
( 0) ( 0),

du h du h
u h u h

dy dy

 
      (8) 

 
It is easy to obtain an analytical solution to (5) and (6) with the above boundary 

conditions. Figure 1 shows the analytical solution. The dimensionless pressure drop is taken 
so that it corresponds to a flow without a porous layer, a unit flow rate. The dotted line 
corresponds to the solution obtained with a porosity of 0.3; the dotted line is 0.5. 
 

  
Fig.1. Exact solution: velocity distributions 
at different porosity values 

Fig.2. Comparison of the results of accurate and 
numerical results at different values of porosity 

3.2 Numerical solution 

Consider Eq. (5) for the entire region, and put 
 

 0

0

0
1 1

at y h
f

at h y
  


 

   (9) 
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In this case, equation (5) in the pure region takes the form (6). Thus, equation (5) can be 
used in the entire region, with porosity (9), while the boundary conditions are fulfilled 
automatically (in the porous layer, the porosity is taken equal to ). For this purpose, a 
finite-difference approximation of equation (5) was made, and the calculation was 
performed using the sweep method (using a special linear system solver designed to take 
advantage of the tridiagonal structure of the coefficient matrix) in the combined domain. 

Figure 2 shows the results of numerical calculations (solid curves, analytical solution, 
point data, numerical results). This shows that it is possible to make an end-to-end 
calculation without highlighting the borderline condition. 

3.3 Influence of the pipe roughness thickness on the pressure drop 

To influence the pipe roughness thickness on the pressure drop, we use a solution using an 
analytical solution. To ensure a unit flow rate of liquid with a unit height of the flow based 
on Poiselle's law for smooth pipes, it turns out that. Figure 3 shows graphs of the pressure 
drop depending on the thickness of the porous layer. 

Based on figure 3, it can be concluded that the nature of the change in the pressure drop 
relative to the layer thickness does not depend on the porosity of the layer: it behaves like 
an "S" shaped function. However, the range of variation strongly depends on the porosity. 

3.4 An approximate analytical solution using a movable node.  

Using the method of movable node [21], one can find an approximate analytical solution to 
the problem.  
 

   
a) 0.8f   b) 0.5f   v) 0.3f   

Fig.3. Pressure drop versus layer thickness 

Equation (5.6) is approximated by difference relations: 
 

0

2

0
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In the difference equations (9, 10), the no-slip boundary conditions are used. In 
equations (9, 10) uG  is the value of the unknown function on the interfacial boundary. To 

find Gu  we use the second interfacial condition (8). Put in (9) 0 0y h  , then we have 

2
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du u dp
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If in (10) 0 0y h   then we have: 
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Using (8), we obtain  

 
0 0
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h h dp
uG h h dx
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Using (13) from (9) and (10), we determine the distribution of velocities in the porous 
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In fig. 4, the exact and approximate solutions are compared (the solid line is the exact solution, 

and the dotted line is approximate, obtained using (14) and (15) at 040000, 0.2A h  ). 
 

  

Fig.4. Comparison of solutions Fig.5. Comparison with experimen 
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3.5 Comparison with experiment 

In [22], the thickness of the Brinkman boundary layer was experimentally investigated. In 
this layer, which is located between the Darcy layer and the layer with a pure region, based 
on experimental data, an empirical formula is obtained 

exp( ( 1))
int

u uDu y
u uD




  


   (16) 

Here is Du  the Darcy velocity, intu  is the interfacial velocity, 3 4( 1)y    , 
Figure 5 shows a comparison of the results obtained based on (5) and (6) (solid 
line) and (16) for the transition layer. 

To obtain a visual representation of the solution to the problem in the combined domain, 
a numerical calculation was performed using equations (1-2) based on a similar SIMPLE 
algorithm [19]. 

 
 

 
Fig.6. Longitudinal velocity profiles at different sections ( 0.4).f   

In figure 6, the porous layer is located in the region 0.8 4.2;x  0 0.1y   
porosity 0.4.f   At the entrance, a parabolic law is given; in the sections inside 
the porous layer, the profile is flattened, and a rapid increase in velocity begins to 
occur (Re 21).  
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Fig.7. Longitudinal velocity profiles at different sections ( 0.8).f   

In figure 7 numerical results, the porosity of the layer is 0.8. In this case, Darcy's law does 
not hold inside the layer. The irregularity of the velocity profile covers the entire porous 
region. Visual comparison with experiment [23] gives good results concerning the 
interfacial layer. 

4 Conclusions 
Rakhmatulin's model can be successfully applied to describe the flow in the combined 
region. An approximate analytical solution obtained on the basis of the method of movable 
nodes can be used to describe the flow for one-dimensional problems; to obtain more 
accurate approximate solutions, it is possible to achieve multipoint movable nodes. The 
results of the study are in good agreement with the experimental results. The results of test 
calculations and the influence of grid parameters, reflecting the validity of the application 
of the model and the proposed numerical approach, are presented. 
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