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Abstract. The research paper is devoted to protection of structures against 
heat and temperature effects. The necessity of improving the calculation of 
multilayered fence structures is shown. The solution of a one-dimensional 
unsteady heat conduction equation with constant and variable coefficients 
allowing to use of inhomogeneous and anisotropic materials as the fence 
material is given. An example of the solution of a fence made of 
inhomogeneous and anisotropic material is given. Solution of heat 
conduction equation is obtained by the recurrence-operator method. The 
solution of one-dimensional unsteady heat conduction equation with 
variable coefficients is obtained using the recurrence-operator method. The 
possibility of using the solution of the equation for multilayered 
inhomogeneous anisotropic fence materials is indicated. 

1 Introduction 

The object of investigation is the protection of structures from heat influence (heat and 
cold) by means of bone up of the process of heat flow and correspondent temperature 
through covering thickness of outer parts, consisting of layers of different thermal 
protective materials.  

In construction thermal physics, such problems are investigated mainly by solving a 
one-dimensional nonstationary nonlinear (more precisely quasi-linear) heat conduction 
equation. In general, these characteristics depend on the material properties, its temperature, 
humidity and can be a given function of the envelope thickness within each envelope layer 
in the case of continuously heterogeneous material. 

Due to the great difficulties in solving the heat transfer equation, engineering 
calculations are limited to an equation with constant coefficients, for the solution of which 
the method of separation of variables (Fourier method) is applied. As a result, the solution 
is obtained in the form of stationary, "standing" heat waves, and the solution itself is 
expressed in terms of complex and hyperbolic functions [1]. 

Note the monograph [2] where the Lommel transformation transforms the Bessel 
differential equations into equations with variable coefficients. Partial cases of this 
transformation allow us to solve the heat conduction equation in the Bessel functions of the 
complex argument with various laws of variation of the variable coefficients. In this case, 
such solutions can be used that are expressed in terms of the constructed functions. By 
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separating the real and imaginary parts, it is possible to obtain solutions in elementary 
functions in some particular cases. The cases when the heat transfer coefficient is variable 
and the heat capacity coefficient is constant are discussed in detail, and it is pointed out that 
it is in principle possible to obtain solutions when not only the heat transfer coefficient
but also the specific heat capacity coefficient changes .c  

The purpose of this paper is to develop a simpler algorithm for solving the heat 
conduction equation when both coefficients are variable, using the recurrence-operated 
method. 

2 Materials and Methods 

In building thermal physics research of the transfer of heat flows through material layers of 
thickness of enclosure parts of constructions (external walls, floors) and change of 
temperature in time and on the thickness of enclosure is investigated mainly on a solution 
of the one-dimensional nonlinear equation of heat conduction which in the general case has 
a form 
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Here T is temperature, t is time, )(),()( 0 xxcxс  are given values of coefficients of 

heat capacity and heat conductivity of individual material layers in the structure, 0с is 
specific heat capacity,  is density.  

The solution of equation (1) is accompanied by some difficulties, so it is limited to an 
equation with constant coefficients, which is usually solved by the split-variable method 
(Fourier method).  
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The recurrence-operated method is applied to solve the heat conduction equation (1) when 
coefficients are variable [3]. 

Let's represent equation (1) in expanded form 
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or in compact notation 
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where с,   is function of a variable x ; T is function of variables  ;, tx   

kkk
s sff  /)(  ( k -th derivative of the function f on the variable s ). Let's 

convert to the above equation by dividing equation (3) by the coefficient at the major 
derivative of the allocated variable. In this case, isolating the variable ,x  we obtain:  
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We will search for the solution of equation (4) as a functional series with undefined 
functions 1,0);( rxQr
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Substituting (5) into (4), we obtain 
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Given similar terms, we get  
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In order for the above equation to hold at all values tx, , the expressions in the square 
brackets must be equated to zero, and the sequence of differential equations must be solved 
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To solve the first homogeneous equation, we represent it as: 

0)( 0
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Then the solutions of this equation are the functions 10
0 Q ; 
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representing initial conditions for determination of other functions by recurrence formulas 
(6). 

Example. Let's suppose that thermal conductivity and heat capacity coefficients are 
approximated with sufficient accuracy for a given fencing material by linear functions 
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hexxcbaxx  )(;)( ** , where the constants hebа ,,, are determined 
experimentally. We are to determine the temperature conditions of the fencing. 
Let's determine the initial conditions by formulas (7) 
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To determine the function 0

1Q , we write out the second recurrence relation from (6) at 
0r and taking into account (7): 

1)()( *0
1

*2  cxQxx   and at first, solve the homogeneous equation without the 

right side 0)()( 0
1

*2  xQxx  . Transferring the known function to the right side and 
integrating the resulting expression twice, we obtain the solution of the homogeneous 
equation 
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We turn to the solution of the inhomogeneous equation *0

1
*2 )()( cxQxx   . Also 

there, by transferring the known function to the right side, we find a partial solution of the 
inhomogeneous equation by double integration of the obtained expression 
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The total solution is the sum of partial solutions 0

1
0
1

0
1

~QCQQ одн  , although here, it 
is sufficient to know only the second partial solution of the inhomogeneous equation.  

The function 1
1Q  is defined by the same recurrence formulas and in the same sequence 

only instead of 0r  one should put 1r  and take the second initial condition (8). For 
practical purposes, it is sufficient to limit ourselves to a small number of approximations 
and simple approximating elementary functions.   
The heat flux ),( xtq is obtained by differentiating the temperature ),( xtT  over time t . 

3 Results and discussion 

The obtained results can be generalized to multilayer enclosures with the addition of initial 
conditions and boundary conditions (contact conditions of heat exchange between the 
layers). It is possible to additionally compose the conditions for assigning such properties 
of the fence material, which ensure the absence of reflected heat waves and the 
impossibility of detection by thermal radar units.  

The obtained results differ from the known ones in that the solutions are obtained in real 
rather than complex a function, which does not require additional auxiliary tables.  
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The obtained results differ from the known ones in that the solutions are obtained in real 
rather than complex a function, which does not require additional auxiliary tables.  

In addition, the solutions are obtained in a general form, which makes it possible to 
conduct a numerical analysis of the optimal variant of the number and dimensions of the 
layers and the corresponding thermophysical properties of the enclosure material.  

 

4 Conclusions 

1. In dissimilarity to the existing theory of thermal stability created by O.E. Vlasov and S.I. 
Muromov, in which calculation using hyperbolic functions of complex variables is 
considered the only convenient; this paper proposes to use the solution obtained by the 
recurrence-operated method in real functions.  This eliminates the need to use complex 
calculations using complex numbers, tables, and graphs. 
2. The found solution is generalized to the calculation of multilayer enclosures with the 
formation of additional thermal contact conditions at the boundaries of the layers. 
3. The solution achieved in general form allows conducting further research on the choice 
of the number, thickness, and thermophysical aspects of the material of the layers. 
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